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Heterogeneous Helmholtz equation

−∇ · (A(x)∇u)− k2n2(x)u = f in Ω,

b.c. on ∂Ω,

(radiation condition at ∞)

examples: scattering problems in

acoustics, electromagnetics, elasticity, . . .

goals: efficient and reliable numerical methods also for large k > 0

wave equation (in homogeneous medium) with periodic forcing

Utt(x, t)−∆U(x, t) = F (x, t)

=: eiktf(x)

Ansatz U(x, t) = eiktu(x) yields −k2u−∆u = f

J.M. Melenk – 1 – heterogeneous Helmholtz eqn



Heterogeneous Helmholtz equation

−∇ · (A(x)∇u)− k2n2(x)u = f in Ω,

b.c. on ∂Ω,

(radiation condition at ∞)

examples: scattering problems in

acoustics, electromagnetics, elasticity, . . .

goals: efficient and reliable numerical methods also for large k > 0

wave equation (in homogeneous medium) with periodic forcing

Utt(x, t)−∆U(x, t) = F (x, t)

=: eiktf(x)

Ansatz U(x, t) = eiktu(x) yields −k2u−∆u = f

J.M. Melenk – 1 – heterogeneous Helmholtz eqn



Heterogeneous Helmholtz equation

−∇ · (A(x)∇u)− k2n2(x)u = f in Ω,

b.c. on ∂Ω,

(radiation condition at ∞)

examples: scattering problems in

acoustics, electromagnetics, elasticity, . . .

goals: efficient and reliable numerical methods also for large k > 0

wave equation (in homogeneous medium)

with periodic forcing

Utt(x, t)−∆U(x, t) = F (x, t)

=: eiktf(x)

Ansatz U(x, t) = eiktu(x) yields −k2u−∆u = f

J.M. Melenk – 1 – heterogeneous Helmholtz eqn



Heterogeneous Helmholtz equation

−∇ · (A(x)∇u)− k2n2(x)u = f in Ω,

b.c. on ∂Ω,

(radiation condition at ∞)

examples: scattering problems in

acoustics, electromagnetics, elasticity, . . .

goals: efficient and reliable numerical methods also for large k > 0

wave equation (in homogeneous medium) with periodic forcing

Utt(x, t)−∆U(x, t) = F (x, t) =: eiktf(x)

Ansatz U(x, t) = eiktu(x) yields −k2u−∆u = f

J.M. Melenk – 1 – heterogeneous Helmholtz eqn



Heterogeneous Helmholtz equation

−∇ · (A(x)∇u)− k2n2(x)u = f in Ω,

b.c. on ∂Ω,

(radiation condition at ∞)

examples: scattering problems in

acoustics, electromagnetics, elasticity, . . .

goals: efficient and reliable numerical methods also for large k > 0

wave equation (in homogeneous medium) with periodic forcing

Utt(x, t)−∆U(x, t) = F (x, t) =: eiktf(x)

Ansatz U(x, t) = eiktu(x) yields −k2u−∆u = f

J.M. Melenk – 1 – heterogeneous Helmholtz eqn



heterogeneous Helmholtz model problem

Heterogeneous Helmholtz problem

−∇ · (A(x)∇u)− k2n2(x)u = f in Ω,

∂nAu− iku = g on Γ.

∂nAu := n · (A∇u)

� Ω bounded Lipschitz domain with analytic boundary Γ := ∂Ω

� k ≥ k0 > 0 is the wavenumber

� f ∈ L2(Ω), g ∈ H1/2(∂Ω)

� A = A(x) piecewise analytic, uniformly SPD

� n piecewise analytic

� interface Γinter where A or n jumps is analytic

Γ = ∂Ω

Γinter

Generalization:

� boundary conditions ∂nAu− T−u = g (later)

J.M. Melenk – 2 – heterogeneous Helmholtz eqn
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Helmholtz problem

−∇ · (A(x)∇u)− k2n2u = f in Ω,

∂nAu− iku = g on Γ.

Weak formulation

Find u ∈ H1(Ω) s.t. B(u, v) = F (v) ∀v ∈ H1(Ω),

where

B(u, v) =

∫

Ω
A(x)∇u · ∇v dx− k2

∫

Ω
n2uv dx+ ik

∫

∂Ω
uv ds,

F (v) =

∫

Ω
fv dx+

∫

∂Ω
gv ds.

abstract FEM for VN ⊂ H1(Ω)

Find uN ∈ VN s.t. B(uN , v) = F (v) ∀v ∈ VN
J.M. Melenk – 3 – heterogeneous Helmholtz eqn
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What is hp-FEM?

• approximation space VN consists of piecewise polynomials of degree p

1D

� T = mesh on Ω

� Sp(T ) :=
{
u ∈ C(Ω) |u|K ∈ Pp ∀K ∈ T

}

piecewise polynomial of deg. 3

0 1 2 3 4 5

0

1

2

3

4

� N := dimSp(T ) ∼ p|T |

multi-D

� T = mesh on Ω ⊂ Rd with element maps FK

� Sp(T ) := {u ∈ H1(Ω) |u|K ◦ FK ∈ Pp ∀K ∈ T }
� N := dimSp(T ) ∼ pd|T |
� h := mesh size = maximal element diameter

K

K̂

Ω

FK

� h-FEM: refine the mesh (h→ 0) for fixed p

� p-FEM: p→∞ for fixed mesh

� hp-FEM: simultaneously h-FEM and p-FEM

J.M. Melenk – 4 – heterogeneous Helmholtz eqn
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h-FEM vs. p-FEM for Poisson problem

10
1

10
2

10
3

10
4

10
5

10
−8

10
−6

10
−4

10
−2

10
0

problem size N

e
rr

o
r 

in
 H

1
−

s
e

m
in

o
rm

smooth solution; h−FEM + p−FEM

 

 

p=1

p=2

p=4

p=6

p−FEM

O(h)

O(h2)

O(h4)

O(h6)
e−bp

� Poisson problem on Ω = (0, 1)2

� smooth solution u(x, y) = sin(πx) sin(πy)

� FEM-convergence in energy norm:

� h-FEM: O(hp)
� p-FEM: O(e−bp)

J.M. Melenk – 5 – heterogeneous Helmholtz eqn



interpolation error and onset of quasioptimality (p = 1)

0 0.2 0.4 0.6 0.8 1

×10
-4

-10

-8

-6

-4

-2

0

2

exact

interpolant

−u′′ − k2u = 1 in (0, 1),

u(0) = 0, u′(1)− iku(1) = 0.

Observe: (interpolation) error per wavelength is independent of k
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� Babuška & Sauter: this is the case for every 9-point stencil
(in 2D)

10
0

10
1

10
2

10
3

10
−3

10
−2

10
−1

10
0

DOF

re
l.
 H

1
 e

rr
o

r

 

 

k=10

k=100

k=1000

interpolation error

10
−1

10
0

10
1

10
2

10
−2

10
−1

10
0

DOF per wavelength

re
l.
 H

1
 e

rr
o

r

 

 

k=10

k=100

k=1000

interpolation error

10
0

10
1

10
2

10
3

10
−3

10
−2

10
−1

10
0

10
1

p=1; −u′′−  k2 u = 1

DOF per wave length

re
l. 

H
1  e

rr
or

 

 

k=10
k=100
k=1000

Galerkin error

J.M. Melenk – 6 – heterogeneous Helmholtz eqn



Galerkin error, higher order methods
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Quasi-optimality of Galerkin hp-FEM
−∇ · (A∇u)− k2

n
2
u = f in Ω, ∂nAu− iku = g on Γ.

Theorem (Bernkopf, M. & Chaumont-Frelet, ’21+)

Let Γ be analytic. Let A and n be piecewise analytic, with analytic interface Γinter. Assume
polynomial well-posedness of the continuous problem. Let the mesh be aligned with Γinter.
Given c2 > 0 there exists c1, independent of k, h, p such that under the scale resolution
condition

kh

p
≤ c1 and p ≥ c2(1 + log k)

the discretized problem is uniquely solvable, and there holds

‖u− uN‖1,k . inf
vN∈Sp(Th)

‖u− vN‖1,k,

where ‖v‖21,k := ‖∇v‖2L2 + k2‖v‖2L2

Remark:
� onset of quasioptimality possible for N = O(kd), i.e., fixed number of DOF per wavelength,

if p = O(log k) and h = O(p/k)
� alternative approach by Lafontaine, Spence, Wunsch ’20 (for smooth coefficients)
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piecewise constant coefficients, analytic interface, p = 1

Nλ =
2π d
√

DOF

k d
√
|Ω|

� −∆u− k2n2u = 1 on Ω

� n = 1 for r < 1/2, n = 2 for r > 1/2

� ∂nu− iku = 0 on Γ

� computations with NGSolve (Schöberl et al.)
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piecewise constant coefficient, analytic interface, p = 1, 2, 3
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Analysis
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facts and assumptions on the continuous problem

B(u, v) =

∫

Ω

A(x)∇u · ∇v − k2

∫

Ω

n2uv + ik

∫

∂Ω

uv, F (v) =

∫

Ω

fv +

∫

∂Ω

gv

� norm: ‖u‖21,k := ‖∇u‖2L2 + k2‖u‖2L2

� continuity: |B(u, v)| . ‖u‖1,k‖v‖1,k
� Gårding inequality: ‖u‖21,k . |B(u, u)|+ k2‖u‖2L2

� stability assumption/polynomial well-posedness:
There exists θ ∈ R such that the solution u ∈ H1(Ω) satisfies

‖u‖1,k . kθ [‖f‖L2 + ‖g‖L2 ]

Remark: For n ≡ 1 and A ≡ I, the stability assumption holds with θ = 0 (Spence et al.)
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The Schatz argument for quasi-optimality

� Let eN = u− uN be the Galerkin error
�

‖eN‖21,k
Gårding

. |B(eN , eN )|+ k2‖eN‖2L2
Galerkin ortho.

= |B(eN , u− vN )|+ k2‖eN‖2L2

cont.

. ‖eN‖1,k‖u− vN‖1,k + k2‖eN‖2L2

� Introduce dual solution ξ ∈ H1(Ω) by: (v, eN )L2 = B(v, ξ) ∀v ∈ H1(Ω)

� Introduce adjoint approximability η := inf
ξN∈VN

‖ξ − ξN‖1,k
‖eN‖L2

� estimate ‖eN‖L2 :

(eN , eN )L2

= B(eN , ξ)
Gal.
= B(eN , ξ − ξN )

cont.

. ‖eN‖1,k‖ξ − ξN‖1,k
=⇒ ‖eN‖2L2 . ‖eN‖1,k‖eN‖L2η =⇒ ‖eN‖L2 . η‖eN‖1,k

�

‖eN‖21,k . ‖eN‖1,k‖u− vN‖1,k + k2η2‖eN‖21,k
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Schatz argument, cont’d

‖eN‖21,k . ‖u− vN‖1,k‖eN‖1,k + k2η2‖eN‖21,k

adjoint approximability

� (v, eN )L2 = B(v, ξ) ∀v ∈ H1(Ω)

� η := inf
ξN∈VN

‖ξ − ξN‖1,k
‖eN‖L2

Theorem (quasi-optimality)

If k2η2 is sufficiently small, then

‖u− uN‖1,k . inf
vN∈VN

‖u− vN‖1,k

upshot:

� → quantify η

� → understand the regularity of the dual solution ξ

� note: ξ solves again a Helmholtz problem
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regularity by decomposition: wavenumber explicit splitting

Heterogeneous Helmholtz model problem

−∇ · (A∇u)− k2n2u = f in Ω,

∂nAu− iku = g on Γ.

Γinter

Theorem (Bernkopf, M. & Chaumont-Frelet, ’21+)

Let Γ be analytic. Let A and n be piecewise analytic, with analytic interface Γinter. For
f ∈ L2(Ω) and g ∈ H1/2(Γ) the function u can be written as u = uH2 + uA, where

‖uH2‖2,Ω\Γinter
. ‖f‖0,Ω + ‖g‖1/2,Γ
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key ingredients of the proof

� geometric series construction: u = u0,H2 + u0,A + u1,H2 + u1,A + · · ·
� use approximate solution operator/parametrix:

terms u0,H2 , u1,H2 , . . . , are constructed as solutions of coercive elliptic problems

� contraction (i.e., convergence of the series) achieved with frequency filters
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frequency filters

� parameter σ > 1
� χBσk is the characteristic function of the ball Bσk(0)
� Define the operators Hσ, Lσ : L2(Ω)→ L2(Rd) by

Hσf := F−1 ((1− χBσk)F(Ef)) , Lσf := F−1 (χBσkF(Ef)) ,

properties

� Hσf + Lσf = f on Ω
� Lσf is analytic (band limited!)
� approximation property:

� ‖Hσf‖0,Ω . (σk)−1‖f‖H1(Ω)

� ‖Hσf‖−ε,Ω . (σk)−ε‖f‖L2(Ω) for 0 ≤ ε < 1/2
� analogous operators HΓ

σ , LΓ
σ can be defined for functions on Γ

‖Hσf‖0,Ω ≤ ‖Hσf‖0,Rd
Parseval∼ ‖(1− χBσk)FEf‖0,Rd ≤ (σk)−1‖ |ξ|FEf‖0,Rd . (σk)−1‖f‖1,Ω
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Goal: S−k (f, g) = u = u0,H2 + u0,A + S−k (f̃ , g̃)

S−k (f, g) =: u

−∇ · (A∇u)u− k2n2u = f in Ω,

∂nAu− iku = g on Γ.

S+
k (f, g) =: w

−∇ · (A∇u)w+k2n2w = f in Ω,

∂nAw = g on Γ.

u = S+
k (Hσf,H

Γ
σ g)︸ ︷︷ ︸

=:u0,H2

+ S−k (Lσf, L
Γ
σg)︸ ︷︷ ︸

=:u0,A p.w. analytic! (polyn. well-posedness)

+r

Contraction estimates (with g = 0):

‖f̃‖0 ' k2‖u0,H2‖0 . k2k−1‖Hσf‖−1 . k
2k−1k−1+ε‖Hσf‖−ε . kε(σk)−ε‖f‖0,Ω . σ−ε‖f‖0,Ω

=⇒ ‖f̃‖0,Ω ≤
1

2
‖f‖0,Ω for suitable σ > 1
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Underlying ingredients of the decomposition

L−k u = −∇ · (A∇u)− k2n2u L+
k u = −∇ · (A∇u)+k2n2u

S−k (f, g) =: u

L−k u = f in Ω,

∂nAu− T
−u = g on Γ.

S+
k (f, g) =: w

L+
k w = f in Ω,

∂nAw − T
+w = g on Γ.

underlying ingredients:

� L−k and L+
k have the same leading order term

� T− − T+ is an operator of order 0

� S+
k (f, g) : unique solvability, good (in terms of k) a priori estimates, H2-shift theorem

� S−k (f, g) : analytic for analytic data
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Generalizations: examples

S−k (f, g) =: u

L−k u = f in Ω,

∂nAu− T−u = g on Γ.

S+
k (f, g) =: w

L+
k w = f in Ω,

∂nAw − T+w = g on Γ.

Boundary condition T− T+ T− − T+

Robin boundary iku 0 iku− 0 = k(iu)

Full Space, Γ = ∂B1(0) DtNk DtN0 DtNk −DtN0 = kR0

Full Space, Γ arbitrary DtNk DtN0 DtNk −DtN0 = kR0 +A
Second order ABCs α∆Γ + kR0 α∆Γ kR0

R0 : Hs(Γ)→ Hs(Γ) bounded uniformly in k

Additionally:

� PML (fixed layer width)

� Helmholtz equations with first order terms

� Elasticity (with Robin b.c.)

J.M. Melenk – 19 – heterogeneous Helmholtz eqn



Generalizations: examples

S−k (f, g) =: u

L−k u = f in Ω,

∂nAu− T−u = g on Γ.

S+
k (f, g) =: w

L+
k w = f in Ω,

∂nAw − T+w = g on Γ.

Boundary condition T− T+ T− − T+

Robin boundary iku 0 iku− 0 = k(iu)

Full Space, Γ = ∂B1(0) DtNk DtN0 DtNk −DtN0 = kR0

Full Space, Γ arbitrary DtNk DtN0 DtNk −DtN0 = kR0 +A
Second order ABCs α∆Γ + kR0 α∆Γ kR0

R0 : Hs(Γ)→ Hs(Γ) bounded uniformly in k

Additionally:

� PML (fixed layer width)

� Helmholtz equations with first order terms

� Elasticity (with Robin b.c.)

J.M. Melenk – 19 – heterogeneous Helmholtz eqn



Generalizations: examples

S−k (f, g) =: u

L−k u = f in Ω,

∂nAu− T−u = g on Γ.

S+
k (f, g) =: w

L+
k w = f in Ω,

∂nAw − T+w = g on Γ.

Boundary condition T− T+ T− − T+

Robin boundary iku 0 iku− 0 = k(iu)

Full Space, Γ = ∂B1(0) DtNk DtN0 DtNk −DtN0 = kR0

Full Space, Γ arbitrary DtNk DtN0 DtNk −DtN0 = kR0 +A
Second order ABCs α∆Γ + kR0 α∆Γ kR0

R0 : Hs(Γ)→ Hs(Γ) bounded uniformly in k

Additionally:

� PML (fixed layer width)

� Helmholtz equations with first order terms

� Elasticity (with Robin b.c.)

J.M. Melenk – 19 – heterogeneous Helmholtz eqn



2nd order ABC (Feng variant)

Nλ =
2π

d√
DOF

k d
√
|Ω|

−∆u− k2n2u = f in Ω,

∂n − α∆Γu− βu = g on Γ,

α = − i

2k

β = ik − 1

2
− i

8k

� n = 1 for r < 1/2, n = 2 for r > 1/2

� u(x, y) = sin k(x + y)

� computations with NGSolve (Schöberl et al.)
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a FEM-BEM coupling strategy

J.M. Melenk heterogeneous Helmholtz eqn



FEM-BEM coupling with a mortar variable (3-field formulation)

� issue: the operator DtNk is not explictly available

� available: the four “classical” BEM operators Vk, Kk, K ′k, Wk

� DtNk can be represented as

� in principle, can represent DtNk u by introducing new variable ũm with
Vkũ

m =
(

1
2 −Kk

)
u

� complication: Vk not invertible if k2 is an eigenvalue of the interior Dirichlet problem

� overcoming complication: use invertible combined field operator

� fact: ũm = ∂nu. Instead, we will use um := ∂nu+ iku as the auxiliary variable

� reason: obtain problem on Ω with Robin boundary conditions
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Vkũ
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� fact: ũm = ∂nu. Instead, we will use um := ∂nu+ iku as the auxiliary variable

� reason: obtain problem on Ω with Robin boundary conditions

J.M. Melenk – 21 – heterogeneous Helmholtz eqn



FEM-BEM coupling with a mortar variable (3-field formulation)

� issue: the operator DtNk is not explictly available

� available: the four “classical” BEM operators Vk, Kk, K ′k, Wk

� DtNk can be represented as

DtNk = Wk +

(
1

2
−K ′k

)
V −1
k

(
1

2
−Kk

)

︸ ︷︷ ︸
=:ũm
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Vkũ
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impedance trace as the mortar variable

coupling with impedance trace as the mortar variable,
Mascotto, M., Perugia, Rieder ’20

−∇ · (A(x)∇u)− k2n2(x)u = f in Ω,

∂nu+ iku− um = 0 on Γ,

uext − P+
ItDu

m = 0 on Γ,

u in Ω

(−∆− k2)uext = 0 in Ωext

∂nu
ext + ikuext = um on Γ

um = ∂nu+ iku
on Γ

Γ
Ω

realization of uext := P+
ItDu

m using combined field equations

Bkuext + ikA′kuext −A′kum = 0,

Bk := −Wk − ik

(
1

2
−Kk

)
, A′k :=

1

2
+K ′k − ikVk

fact: Bk + ikA′k invertible for all k > 0
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The sesquilinear form

abbreviate: u := (u, um, uext) ∈ H1(Ω)×H−1/2(Γ)×H1/2(Γ)

Tk(u,v) = (A∇u,∇v)0,Ω − (k2n2u, v)0,Ω + ik(u, v)0,Γ − 〈um, v〉

− 〈(−Wk − ik(
1

2
−Kk) + ik(

1

2
+K ′k + ikVk))uext − (

1

2
+K ′k + ikVk)um, vext〉

+ 〈u, vm〉 − 〈(1

2
+Kk)uext − Vk(um − ikuext), vm〉

the case k = 0

Re T0((u, um, uext), (u, um, uext)) = (A∇u,∇u)0,Ω + 〈W0u
ext, uext〉+ 〈V0u

m, um〉
& |∇u|20,Ω + ‖um‖2−1/2,Γ + |uext|21/2,Γ

� fact: Wk −W0, Kk −K0, K ′k −K ′0, Vk − V0 are compact

�  Gårding inequality: exists compact operator Θ such that

Re (Tk(u,u) + 〈Θu,u〉) ≥ ‖u‖2E,k := |u|21,Ω + k2‖u‖20,Ω + ‖um‖2−1/2,Γ + ‖uext‖21/2,Γ
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conforming discretization

� mesh Mh on Ω; aligned with the regions of smoothness of A, n, and with Γ

� trace mesh MΓ
h :=Mh|Γ

� Sp,1(Mh) ⊂ H1(Ω) to discretize u ∈ H1(Ω)

� Sp−1,0(MΓ
h) ⊂ L2(Γ) to discretize um ∈ H−1/2(Γ)

� Sp,1(MΓ
h) ⊂ H1(Γ) to discretize uext ∈ H1/2(Γ)

� discrete space: Vconf
h := Sp,1(Mh)× Sp−1,0(MΓ

h)× Sp,1(MΓ
h)

discrete formulation

Find uh ∈ Vconf
h s.t. Tk(uh,vh) = (f, vh)0,Ω ∀vh ∈ Vconf

h
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Theorem (Quasi-optimality of Galerkin hp-FEM: k-explicit analysis)

Let Γ be analytic, and let A and n be piecewise analytic, with analytic interface Γinter. Given
c2 > 0 there exists c1, independent of k, h, p such that under the scale resolution condition

kh

p
≤ c1 and p ≥ c2(1 + log k)

the discretized problem is uniquely solvable, and there holds

‖u− uh‖E,k . inf
vh∈Vconf

h

‖u− uh‖E,k

with implied constant independent of k.

Γ = ∂Ω

Γinter � u := (u, um, uext)

� ‖u‖2E,k := |u|2H1(Ω) + k2‖u‖2L2(Ω) + ‖um‖2
H−1/2(Γ)

+ ‖uext‖2
H1/2(Γ)
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mortar coupling, p.w. smooth coefficient, h-version

10 -2 10 -1 10 0

h

10 -4

10 -3

10 -2

10 -1

10 0

p=1

p=2

p=3

h
1

h
2

h
3

|u−uh|1,Ω
|u|1,Ω

10 -2 10 -1 10 0

h

10 -4

10 -3

10 -2

10 -1

10 0

p=1

p=2

p=3

h
1 .5

h
2 .5

h
3 .5

h1/2‖um−umh ‖0,Γ
‖um‖0,Γ

10 -2 10 -1 10 0

h

10 -5

10 -4

10 -3

10 -2

10 -1

10 0

p=1

p=2

p=3

h
1 .5

h
2 .5

h
3 .5

h−1/2‖uext−uext
h ‖0,Γ

‖uext‖0,Γ

� Ω = (−0.5, 0.5)3

� A(x) = 2 on (−0.2, 0.2)3, A(x) = 1 on Ω \ (−0.2, 0.2)3

� n ≡ 1 , k =
√

3π

� exact sol.: piecewise smooth

u(x, y, z) =

sin2
(

5π
2

(x− 0.2)
)

sin2
(

5π
2

(y − 0.2)
)

sin2
(

5π
2

(z − 0.2)
)

in Ω

eikr

r
in Ωext

� computations: NGSolve (Schöberl et al.), BEM++ (Betcke et al.), and H2Lib (Börm)
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mortar coupling, p-version
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p
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|u−uh|1,Ω
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p
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10 -1
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10 1

h1/2‖um−umh ‖0,Γ
‖um‖0,Γ

1 2 3 4 5 6 7 8 9

p

10 -8

10 -6

10 -4

10 -2

10 0

10 2

h−1/2‖uext−uext
h ‖0,Γ

‖uext‖0,Γ

� Ω = (−0.5, 0.5)3

� A(x) = Id, n ≡ 1, k = 3
√

3π (Dirichlet EV)

� exact sol.: piecewise analytic

u(x, y, z) =

{
sin(kx) cos(ky) in Ω

eikr

r
in Ωext

� computations: NGSolve (Schöberl et al.), BEM++ (Betcke et al.), and H2Lib (Börm)

J.M. Melenk – 27 – heterogeneous Helmholtz eqn



Maxwell

J.M. Melenk heterogeneous Helmholtz eqn



model problem: impedance problem in homogeneous media

curl curl u− k2u = f in Ω,

(curl u)× n− ikuT = gT on Γ,

where Γ := ∂Ω is analytic Γ
Ω

weak formulation:

Find u such that

a(u,v) := (curl u, curl v)L2(Ω) − ((u,v)) = `(v) ∀v
((u,v)) := k2(u,v)L2(Ω) + ik(uT ,vT )L2(Γ)

� tangential component vT = n× (v|Γ × n)

� `(v) := (f ,v)L2(Ω) + (gT ,vT )L2(Γ)

difference to Helmholtz

� Gårding inequality for a(·, ·)
not (directly) available

� → need Helmholtz
decompositions (continuous &
and discrete)
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H(curl)-conforming discretization with hp-FEM

discretization

Find uN ∈ XN such that a(uN ,v) = `(v) for all v ∈ XN

K

K̂

Ω

FK

� Th = triangulation (tetrahedra) of Ω ⊂ R3, element maps FK
� diamK ∼ h for all K ∈ Th
� XN := {u ∈ H(curl,Ω) | (F ′K)>u ◦ FK ∈N I

p(K̂)}
� N I

p(K̂) := {p(x) + x× q(x) |p,q ∈ (Pp(K̂))3}
� N := dimXN ∼ h−3p3
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quasi-optimality

Theorem (M.& Sauter ’21+)

Let ∂Ω be analytic. Given c2 > 0 there ∃ c1, C > 0 independent of k s.t. for

kh

p
≤ c1 and p ≥ c2 log k

there holds

‖u− uN‖imp,k ≤ C inf
vN∈XN

‖u− vN‖imp,k,

where ‖v‖2imp,k := ‖ curl v‖2L2(Ω) + k2‖v‖2L2(Ω) + k‖vT ‖2L2(Γ)

Remark

onset of quasi-optimality with problem size N = O(k3) (i.e., fixed number of DOF per
wavelength) if p = O(log k) and h = O(k/p)
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DOF per wavelength

1 10 20 50 80

r
e
l.

e
r
r
o
r
in

‖
·
‖
c
u
r
l
+

k
‖
·
‖

10
-1

10
0

k=10

k=20

k=30

k=40

O(h)

p = 1

DOF per wavelength

10 20 50

r
e
l.

e
r
r
o
r
in

‖
·
‖
c
u
r
l
+

k
‖
·
‖

10
-2

10
-1

10
0

k=10

k=20

k=30

k=40

O(h 2 )

p = 2

DOF per wavelength

10 20 50 80

r
e
l.

e
r
r
o
r
in

‖
·
‖
c
u
r
l
+

k
‖
·
‖

10
-4

10
-2

10
0

k=10

k=20

k=30

k=40

O(h 3 )

p = 3

� smooth solution u = curl(sin(kx)(1, 1, 1)T )
� Ω = (−1, 1)3

� Nédélec type II elements
� computations with: NgSolve (Schöberl et al.)
� largest problem size: ∼ 23m

→ error vs. kh
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perfectly conducting inclusion
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−k cos(kx)(x2 − 0.25)(y2 − 0.25)(z2 − 0.25)

k cos(kx)(x2 − 0.25)(y2 − 0.25)(z2 − 0.25)


� Ω = (−1, 1)3 \ [−1/2, 1/2]3

� Robin bc at outer bdy, Dirichlet at inner bdy
� Nédélec type II elements
� computations with: NgSolve (Schöberl et al.)
� largest problem size: ∼ 168m (p = 2)

→ error vs. kh
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conclusions and outlook

summary

� quasi-optimality of hp-FEM for heterogeneous Helmholtz under resolution condition

kh

p
≤ c1 and p ≥ c2 log k

� technique is fairly general and accommodates various boundary conditions:

� Robin
� exact DtNk (arbitrary, analytic coupling boundary)
� FEM-BEM coupling
� 2nd order ABCs
� PML

outlook

� corner domains (2D)

� heterogeneous time-harmonic elasticity equations (2D)

� heterogeneous time-harmonic Maxwell equations
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� smooth solution u = curl(sin(kx)(1, 1, 1)T )
� Ω = (−1, 1)3

� Nédélec type II elements
� computations with: NgSolve (Schöberl et al.)
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� Nédélec type II elements
� computations with: NgSolve (Schöberl et al.)
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